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BRIDGE (Basic Research for ICON with Discontinuous Galerkin Extension) 

• an informal project at DWD (runs since ~ 2020)

• ‚Classical‘ discontinuous Galerkin (DG) solver for Euler equations (with thermodyn. 

variable either  or total energy) or shallow water, advection, … eqns.

• Equations are formulated in covariant form using Ricci tensor calculus

(on spherical or ellipsoidal or flat manifolds)

→ clear distinction between:     equations – metrics – DG discretization

• Collocated nodal finite elements; Riemann solver: Lax-Friedrichs flux

• Treatment of diffusion by Bassi, Rebay (1997) ‚RB1‘ scheme

• Grid: horizontally (icosahedral) triangular, prismatic grid cells

• Time integration: explicit RK or HEVI with IMEX-RK

• Stabilization via exponential filtering

Baldauf (2020) JCP: Discontinuous Galerkin solver for the shallow-water equations in covariant form 

on the sphere and the ellipsoid

Baldauf (2021) JCP: A horizontally explicit, vertically implicit (HEVI) discontinuous Galerkin scheme

for the 2-dimensional Euler and Navier-Stokes equations using terrain-following cordinates
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Bryan, Fritsch (2002) MWR test case

Set a warm bubble (+2 K) in an environment atmosphere with

- dry case:               pot. temp.  = 300 K, without moisture

- moist case: equiv. pot. temp. e = 300 K, saturated atm.+clouds everywhere

- dx=dz=100m

In both cases the w field should look quite similar (but not exactly identical)

Remarks: 

• the moist initialization procedure is not exactly clear … at least, for me …

(iteration is necessary for the environment, but also for the bubble setting?)

• the buoyancy term must be adapted (not so nice…)

• „No physical or computational diffusion is applied“. 

Is this really the case …?

Very first steps towards moisture in BRIDGE



Michael Baldauf (DWD)

Bryan , Fritsch (2002) test, dry case: no diffusion, weak filtering
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Bryan , Fritsch (2002) test, dry case: with diffusion K=20m²/s, no filtering

Very first steps towards moisture in BRIDGE



Michael Baldauf (DWD)

Bryan , Fritsch (2002) test, moist case: with diffusion K=10m²/s, no filtering

Max. oversaturation: 0.8%, relative change in water mass: 1.0e-15

Very first steps towards moisture in BRIDGE
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Weisman, Klemp (1982) MWR setup

Prescibe  and rel. humidity of an environment atmosphere; set in a warm bubble.

Use Kessler microphysics and a TKE turbulence scheme.

Remark: the purpose of the paper is the investigation

of supercell storms; 

it is to a less extent a test case setup.

BRIDGE setup:

• 4th order DG, dx=8 km, dz=1300 …3600m

• RK4, dt=0.05s

• With diffusion, Km=Kh=10 m²/s

• With filtering

Very first steps towards moisture in BRIDGE
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Max. oversaturation: 4.3%, relative water mass conservation error ~ 3%

Very first steps towards moisture in BRIDGE
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Summary
• Some very first steps towards using microphysics in BRIDGE have been made:

• condensation/evaporation implemented; 

• reduced conservation violation (=2nd step of Zhang, Shu, 2010)

in a positivity pres. transport scheme

• with explicit time integration

works satisfyingly in idealized test cases.

• A lot of heavy todo‘s remain:

• True conserving, posit. pres. (and mass consistent?) advection scheme

• Couple with IMEX-RK (→ much larger dt), and splitting schemes

• Full Kessler with (implicit) sedimentation (and saturation adjustment?)

Very first steps towards moisture in BRIDGE
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About the spherical and ellipsoidal geopotential approximation

- Tests with a discontinuous Galerkin dynamical core

M. Baldauf (DWD)

Ellipsoidal vs. spherical geopotential approximation



Ellipsoidal geopotential approximation (EGA) by Staniforth, White (2015) QJRMS

Ellipsoidal approximation: 

coordinate surfaces with R=const.

with A(R)=R, C(R)=…

and the geopotential

To get an orthogonal coordinate system one

needs to solve iteratively:

This approach in particular retains

Clairaut‘s fraction gpole/geq !
In the following D() is chosen so

that  is the geographic latitude.

→ =const. on surfaces with R=const.! 
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Ellipsoidal vs. spherical geopotential approximation

Monopole Quadrupole Centrifugal



Idea: use a geostrophic+hydrostatic balanced, stationary initial state

Prescribe a purely zonal velocity field of the form  v = u(,z) e

p exists, if the integrability condition  rhs = 0      is fulfilled

→ (generalized) thermal wind relationship = PDE for T(,z)

What is the correct boundary condition?

Method of characteristics→ prescription of a T(z)-profile is possible 

(e.g. at the equator)

Solve the PDE for T(,z) e.g. via a spectral solver.

Determine p via line integration.

Finally, add some perturbation (e.g. on v)

What is a fair comparison between sphere and ellipsoid?
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Baroclinic instability for umax=35 m/s

Fields in z ~ 5 km, sphere (colors, dashed lines), ellipsoid (solid lines)

 T

u v

Ellipsoidal vs. spherical geopotential approximation
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Baroclinic instability for umax=35 m/s

Fields in z ~ 5 km, sphere (colors, dashed lines), ellipsoid (solid lines)

 T

u v
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Baroclinic instability for umax=35 m/s

Fields in z ~ 5 km, sphere (colors, dashed lines), ellipsoid (solid lines)
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Baroclinic instability for umax=35 m/s

Fields in z ~ 5 km, sphere (colors, dashed lines), ellipsoid (solid lines)
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Baroclinic instability for umax=35 m/s

Fields in z ~ 5 km, sphere (colors, dashed lines), ellipsoid (solid lines)
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Ellipsoidal vs. spherical geopotential approximation



M. Baldauf (DWD) 25

Baroclinic instability for umax=35 m/s

Fields in z ~ 5 km, sphere (colors, dashed lines), ellipsoid (solid lines) (zoom in)
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u v

Ellipsoidal vs. spherical geopotential approximation
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Baroclinic instability for umax=35 m/s

Fields in z ~ 5 km, sphere (colors, dashed lines), ellipsoid (solid lines) (zoom in)

 T

u v

Ellipsoidal vs. spherical geopotential approximation



t=9d t=10d
t=11d

Determine Position of max v:

d lon/dt ~ -0.1°/d
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e-folding time ~ 1,46 d

Fair comparison:

consider the range of exponential

perturbation growth

Ellipsoidal vs. spherical geopotential approximation



Summary

• Effects of the ellipsoidal geopotential approximation (EGA) have been

investigated by use of a higher order Discontinuous Galerkin solver

• Test scenario: development of a baroclinic instability; 

compare positional shifts during the exponential growing phase

• Effects are small and in the order of the ellipticity ~0.003:

frontal shifts up to ~100 km / 7days  for stronger jets

wave velocity slightly smaller for the ellipsoid

• Nevertheless EGA might be relevant in the near future for NWP models

• In this test scenario, EGA vs. SGA effects are significantly larger than

deep vs. shallow atm. effects

Outlook

• Investigate influence of large scale mountains

• Use higher resolution

M. Baldauf (DWD)

Ellipsoidal vs. spherical geopotential approximation
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A slightly more realistic simulation with BRIDGE …

• ‚Limited area‘ simulation with initial/boundary values taken from the

geostropic/hydrostatic balancing scheme (see ellip./sphere topic above)

• Nearly ICON-D2 area, R2B8 grid (dx~10km)

• Orography on R2B10 (~2.5km), generated from R2B13 (~300m) ASTER data

• DG 4th order SSP3(3,3,2) IMEX-RK-HEVI time integration

• With TKE turbulence scheme
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0. first version of a FE/DG framework available, MPI parallelized Q2/2021 ✓
1. shallow water equations on the sphere, explicit time integration (RK)   Q3/2021 ✓
2. 3D Euler equations on the sphere, explicit time integration (RK)   Q1/2022 ✓
2.b with 3D diffusion (+ a simple turbulence scheme)  BR1/BR2       Q2/2022 ✓/
2.c grid refinement works Q2/2022 ✓
3. Euler equations, HEVI time integration (IMEX-RK)   Q3/2022 ✓
3.b optimization of the vertically implicit solver (Schur compl.,...)   Q4/2022 ✓
3.c with 3D diffusion (+ a simple turbulence scheme), HEVI  Q1/2023 ✓
4. cloud microphysics (Kessler) + tracer advection (positive definit)  

+ explicit sedimentation scheme Q4/2022 
4.b cloud microphysics (cloud ice, Graupel) 

+ vertically implicit sedimentation scheme Q1/2023 !
5. HEVI diffusion on dt(fast phys.); physics-dynamics coupl./time integr. Q4/2023 ✓/
6. limited area (=use lateral BCs) version available Q1/2023 ✓/…
7.a vectorized version available Q2/2023 !
7.b GPU version Q1/2024 !
7.c general code optimization Q4/2024 
8. coupling of a one-equation turbulence + BL scheme Q2/2023 ✓
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Milestones of the BRIDGE-project  (status Sept. 2025)





BRIDGE – collaboration with academia



Project: ICON-DG: Gearing up the ICON Model with Smarter Discretizations

in the call ‚WarmWorld Module 4 Smarter‘ 

by German Ministry of Research and Educ. (BMBF)

has been accepted.

Duration: 01.07.2024 - 30.06.2027

Project partners:

• DLR Köln, Inst. for software technology, project leader: Johannes Markert

• Univ. Köln, Division of Mathematics, group Prof. Gregor Gassner

postdoc: Tristan Montoya

• DWD, M. Baldauf, BRIDGE group

Goal: develop further stabilization of DG schemes by designing

entropy stable / entropy conserving schemes (=obeying 2nd law of

thermodynamics) especially for the prismatic grid cells used in 

ICON / BRIDGE with HEVI and horiz. flux transformations.

→ ‚Next Generation DG methods‘
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e.g. Gassner, Winters (2021) Front. Phys.



Discontinuous Galerkin (DG) methods in a nutshell

From Nair et al. (2011) in ‚Numerical

techniques for global atm. models'2.) Galerkin approach→ weak formulation

1.) Finite-element representation
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e.g. Cockburn, Shu (1989) Math. Comput.

Cockburn et al. (1989) JCP

Hesthaven, Warburton (2008)

3.) Finite-volume ingredient: numerical flux

→ ODE-system for q(k)
jl(t)

4.) Gaussian quadrature for the volume and surface integrals

5.) Use a time-integration scheme (Runge-Kutta, …)

via Integration by parts

Discrete analogon:

summation by parts

→ also allows derivation of

stability statements.



Work done until now in the Warmworld project:

Task: adapt ‚summation by parts‘ (SBP) operators to the covariant formalism of Baldauf (2020, 2021).

This has been successfully achieved for the shallow-water equations on a cubed sphere grid (T. Montoya).

Related paper (almost ready for publication):

T. Montoya, A. M. Rueda-Ramirez, G. J. Gassner: Entropy-stable discontinuous spectral-element 

methods for the spherical shallow water equations in covariant form

Next steps:

• SBP operators for the full 3D problem with the covariant Euler equations.

• Achieve SBP property on triangles (heavy problem!)

Meetings

• First kick-off meeting 19./20. Sept. 2024 at DLR Köln

• Project pres. at the Warmworld General Assembly, 14-16 Oct 2024, Bremerhaven

• Project meeting at DWD am 27./28.03.

• Bi-weekly online meetings between project partners and communication via Slack



Held, Suarez (1994) test: global mass conservation

Relative global mass increase of only 3 10-9 / yr !
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1200 days



Falling cold bubble test (Straka et al (1993)): global conservation

Density Energy



Density Energy

Baroclinic instability test (Jablonowski, Williamson (2006): global conservation


